In nature, microorganisms mainly live in biofilms rather than planktonically to defend against various environmental stimuli. Understanding and predicting the dynamics and mechanisms of biofilms is of grand importance to human life. Besides experimental approaches, modeling provides a powerful tool to describe biofilms mathematically, and the in silico simulation offers a deep insight into the underlying functional machineries of biofilms. In this review, we briefly summarized the main advances in biofilm modeling, including the 1D model, multidimensional model, as well as the incorporation of extracellular polymeric substance and quorum sensing signals. Specifically, we focus on recent experimental advances in biofilms, which may challenge the current modeling systems via newly discovered properties and novel participants in natural water systems. We hope this article could build a bridge between in silico modeling and new experimental discoveries, and, in particular, we wish to attract more attention to biofilm-related-environmental issues at various scales.
Introduction
Microorganisms tend to grow multicellularly rather than singularly to improve the survivability in varying environments with stimuli [1, 2] . Biofilm is the dominant multicellular structure in nature, and it exists in almost all ecological niches and engineered systems, like in wastewater treatment processes [3, 4] and on medical equipment [5, 6] . In all cases, biofilms are structured by the matrix of microbes, extracellular polymeric substances (EPS), and other abiotic materials, including nutrients, signal molecules, and minerals [1] . The properties and functions of biofilms are essential to human society at various aspects and scales. In natural water systems, the cyanobacterial biofilm regulates the biocalcification, a fundamental bioprocess which contributes to local and global carbon cycles [7] [8] [9] . In addition, well-structured and functional biofilms or microbial aggregates facilitate the degradation and removal of pollutants [10, 11] . Therefore, a systematic investigation of the biofilm dynamics benefits various aspects of human life.
The properties and functions of biofilms are attributed to complex structures and microbial metabolic networks. Specifically, the biofilm matrix results in gradients of chemicals across the biofilm as well as physical and chemical benefits to biofilm-hosting microbes [2] . For instance, microbes in biofilms have much higher tolerance, sometimes hundreds of times higher, toward antibiotics than the planktonic ones, thus jeopardizing the utilization of antimicrobial agents [12, 13] . Moreover, it has been reported that microbes in biofilms have different genetic properties, and even the transcription profiles of the same microbial strain vary temporally and spatially [14] [15] [16] . These variations are putatively due to the distribution of nutrients, O 2 , pH, and stressors in biofilms. One theory proposed
Modeling the Dynamics of Biofilms

The Evolution of Biofilms
The formation of biofilms typically follows a defined scenario ( Figure 1 ) [12, 21, 28] . In certain external environmental conditions, planktonic cells attached to the substratum, which also refers to adhesion [29] . Two types of adhesion occur: reversible and irreversible adhesion. Cells swim away when reversibly attached to a surface, while irreversibly attached cells begin to grow and form microcolonies. This is the initial stage of a biofilm. Then, the biofilm matures to macrocolonies with mushroom-like tower structures [30, 31] . Finally, the biofilm reaches a pseudo-steady state, and the growth and detachment of cells reach equilibrium.
Two dominant theories have been purposed to explain this dynamic. One is the developmental theory suggested by O'Toole et al. [17, 28] . The main idea is that the formation of biofilms is genetically programmed. Under certain environmental conditions, a genetic pathway will be triggered and the transcription was initiated to regulate the formation of biofilms. Concerns about the developmental model consist of the failures to identify a designed genetic pathway coding the formation of biofilms [32, 33] , plus the lacking of checkpoints of different stages during development [17] . Another theory hypothesizes that the formation of biofilms is the ecological adaption of individual members via cellular plasticity [34, 35] . According to this theory, microorganisms optimize their surface properties to facilitate colonization and mediate the cell interactions in response to environmental conditions, and the biofilm matrix attributed to the accumulative phenotypes of the individual adaption. Supporters of this hypothesis also suggested the apparently cooperative phenotypes of biofilm could be better explained by the physiology of single cells [17] .
Despite the fundamental differences between these two theories, typical biofilms go through the abovementioned five stages: adhesion, growth, microcolony, microcolony, and detachment/erosion ( Figure 1A ). The 1D model is a well-established mathematical description of these stages, especially biofilms colonized by one microbial strain [21] . The first step of settling the 1D model is to determine the concentrations of nutrients on the surface of biofilm, which is also the interface between bulk liquid and biofilm. To do so, researchers have assumed a boundary layer between the external environment and biofilm, where diffusion and advection dominate the mass transfer. Thus, the film theory can be employed to simulate the concentrations of interested factors. After predicting substrate on the surface, the growth of biofilms can be simulated based on two principles. One is that the conversion of substrates to biomass is regulated by the diffusion of substrates, together with the assumption of the steady-state of the biofilm, where concentrations of substrates maintain stability ( Figure 1B ). In addition, the 1D model was became more reliable via dividing the substratum to segments and the distribution of biomass on substratum could be simulated [36, 37] .
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EPS are of great significance in biofilms. The microbes only account for 10% of the dry weight of biofilms, while EPS contribute to the rest of the mass [1] . Typically, EPS consist of exoproteins (PN), exopolysaccharides (PS), extracellular DNAs (eDNA), as well as other abiotic biomolecules [47, 48] . These macromolecules are excreted by the biofilm-hosting microbes or come from the cell lysis or the hydrolysis of macromolecules. EPS construct the scaffolds of biofilms, maintain the architectures, and regulate the adhesion and cohesion of inside cells via both the physical networks and chemical groups [1] .
Because of the importance of EPS, researchers have embedded these features into current models based on the molecular knowledge of EPS, and several assumptions have been made [49] . First, the production of EPS is associated with cell growth and the concentrations of substrates. Secondly, EPS impact the density of biofilms because of their dominant volumetric fraction. Thirdly, EPS are the predominant adsorbents for chemicals and particles in the matrix. Additionally, EPS may serve as energy sources in starving conditions. The model was developed and conducted via the partial differential equations by Horn et al. [49] . Interestingly, the simulation results of an EPS-integrated model generated similar results to those that merely consider biofilms. Nevertheless, these models benefit from the understanding of distribution of chemicals in the biofilm matrix, such as heavy metals and chlorinated organic substances, which are quite important in the natural ecosystems [19] .
These models confront challenges as knowledge of EPS advances. At the initial stage of EPS-related research, PS were considered as the most significant component for maintaining the structure of biofilms [1, 50] . Therefore, early concepts usually regard PS as the 'glues', which keep integrity of biofilms. For instance, the model microorganism for biofilm study, P. aeruginosa, produces three types of PS: alginate, Psl and Pel [51] . Alginate is the most studied PS and often used as the model chemical to evaluate the functions of PS [52] . It has been reported that alginate contributes to the initial stage of biofilm formation and the mechanical stability of mature biofilms, and, without the well-produced alginate, biofilms cannot be formed as well as the wildtype strains do.
However, the functions of EPS are not constrained in 'glues'. Recent discoveries reported that some of EPS exhibit antibiofilm properties. In 2006, Valle et al., discovered that the biofilm by E. coli MG1655 would be inhibited when co-cultured with the uropathogenic CFT073 strain [53] . The inhibitory effects resulted from the Group II capsular polysaccharides in the supernatant of the co-culture, which was produced by E. coli. A systematic screening of various E. coli strains revealed that strains that are capable of synthesizing the Group II capsular polysaccharides conferred similar deficiency on the formation of biofilms [53] . Another study suggested that a linear polysaccharide, PAM galactan, with the structure →3)-β-D-Galf -(1→6)-β-D-Galf -(1→, exhibited broad-spectrum inhibition activity on biofilms, including biofilms by Aggregatibacter actinomycetemcomitans, Klebsiella pneumoniae, Staphylococcus aureus, Staphylococcus epidermidis, Candida albicans, as well as its producing strain K. kingae [54] . Besides the antibiofilm effects on their producing strains, these antibiofilm-PS usually work as weapons to protect the biofilms and defend the invading strains. Interestingly, the abovementioned 'glues'-Psl and Pel-also exhibited antibiofilm effects on competing strains. The PS from wild-type P. aeruginosa PAO1 showed reduced biofilm dispersal effects on S. epidermids, while those from Pel and Psl mutant strain do not possess these properties, indicating the roles of Psl and Pel on the competition of environmental strains when forming biofilms [55] .
In addition, the roles of PN have been discovered [1] . PN contain various functional enzymes and work on the degradation of EPS, such as PS, eDNA, cellulose, or lipids. These enzymatic functions usually assist with the digestion of substrate for biofilm-dwelling microbes. Moreover, PN also show structural functions to biofilms. Those non-enzymatic PN consist of cell surface-associated and carbohydrate-binding proteins, which bind the cell surface and EPS as well as largely contribute to the surface properties of cells. For example, the galactose-specific lectin LecA and the fructose-specific lectin LecB are categorized as structural proteins [56, 57] . Also, recent study discovered that the ratio between PN and PS contributes even more to the surface properties of microbe in the matrix than those alone [48, 52] . Furthermore, Smith et al. [58] found that PN not only work as structural components, but also have the recruitment function to new cells. The PN of this new function, RbmA, was discovered in the diarrheal pathogen Vibrio cholerae. The activity of RbmA is both activated intracellularly and depends on the interaction between RbmA and biofilms. Therefore, these newly discovered properties might require novel model systems to describe these new functions.
Quorum Sensing (QS)
Quorum sensing (QS) is a population-density-dependent cell-to-cell communicating process. It regulates the activity of a group of microbes when working toward a shared objective [59] . One of these phenotypes is the formation of biofilms. Briefly, the working mechanism of QS follows the following pattern. The signal molecules, known as autoinducers, are produced and released with the growth of cells, and, when the concentrations of these autoinducers achieve the threshold value, certain genetic networks will be upregulated. These networks typically consist of genes associated with luminescence, biofilm formation, plus virulence factor production. When modeling the process, the QS system is considered as a switch in that when the concentrations of autoinducers are low, the phenotype of microbes are stable, while, if the levels of autoinducers reach the threshold value, the phenotype changes to another statue [19] . As such, the production kinetics of autoinducers by intracellular enzymes, the inside and outside cell concentrations of autoinducers should be determined. Several assumptions have been made. First, the substrate for the production of autoinducers are sufficient. Second, the production of autoinducers, such as 3-oxo-C12-HSL and C4-HSL, and autoinducer-producing enzymes-such as LasR, LasI, RhlR, and RsaL-are following the Michaelis-Menten kinetics. Then, the autoinducers travel freely across the cell membrane. Klapper and Dockery summarized this model [19] , and they pointed out that one important problem is to determine how cell density regulates the QS systems ( Figure 1C ). The local volume fraction of cells (ρ) was introduced and a bifurcation diagram of the model was identified in silico where ρ functioned as the switch between two stable phases of cells as abovementioned.
The first model coupling QS into modeling of biofilms was reported by Chopp et al. [60, 61] . The ordinary differential equation-based spatiotemporal model discussed the correlations between the physical parameters and autoinducers in the biofilms matrix, where the biofilms were categorized into biotic part, consisting of living cells and abiotic materials, including EPS and dead cells. Then, Ward et al. [62] considered the cell growth during the interaction between QS and biofilm formation. This model was based on a previous work, which described the QS system by three components: switch-off cells, switch-on cells and the switch, autoinducers, and assumed that higher concentrations of autoinducers increased the proportion of switch-on cells [63] . Unlike the model by Chopp et al. [60, 61] , this newly purposed model hypothesized that the biofilms are thin layers rather than a one dimensional description. The modeling results were in agreement with the experimental data, indicating an intermediate phase of biofilms, in which there were still switch-off cells in mature biofilms, and these cells would soon be upregulated along with the increased concentrations of autoinducers. Ward and King [64] further developed this model by assuming the biofilms as viscous fluid with low Reynolds' number. In this model, two distinct boundary conditions have been purposed: one is the shear stress-free condition, and the other is the no-slip condition. This model also allows more variables to be incorporated to better simulate the formation of biofilms and evaluate the effects of these variables on biofilm dynamics.
These models, however, are based on the typical QS systems in P. aeruginosa, which contain two pairs of autoinducers. However, more autoinducer pairs have been discovered, and the functions of QS have been elucidated more. For example, Papenfort et al. [65] identified another QS signal pairs, the 3,5-dimethylpyrazin-2-ol-VqmA pair, in Vibrio cholerae. The working mechanisms are similar but different to the Lux systems, as this system not only regulates the biofilm formation of its producing strain, but also may influence those by competing strains in the same niche. It is necessary to combine these new signal pairs and their properties in biofilm modeling when considering QS.
Biofilms in Water Systems Challenged by Novel Variables
Biofilms are triggered by environmental stimuli. Recent models have considered the effects of stressors when mimicking the biofilms [19] . Generally, microbes in biofilms exhibit much higher tolerance toward environmental stressors than the planktonic cells. This is a critical issue, especially in medicine. As we mentioned previously, cells in biofilms are hundreds of times more tolerant to antimicrobial agents [12] . Using higher dosage of antibiotics is one solution but with extremely high cost and therapeutic risk [19] . Therefore, mathematical descriptions of the fate and transport of these antimicrobial stressors are necessary and of grand importance to manipulate biofilms (Figure 2) .
To mimic the high tolerance of biofilms toward antibiotics, four mechanisms have been purposed. The first one is that the biofilm matrix serves as a barrier, which prevents the diffusion of antibiotic via the physical obstruction and chemical interaction, such as adsorption by EPS, reaction with biofilm materials, and catalytic degradation [48, 52, 66] . If the antibiotics penetrate the biofilm, the antimicrobial effects still becomes limited. These may contribute to the changed microenvironments, including pH, oxygen, and the activity of the dwelling microbes. The efficiency of antibiotics is much lower toward inactive cells [67] . Another mechanism is the adaptive responses of the microbes. When antibiotics, particularly sublethal levels of antibiotics, attack the cells after penetrating the first two barriers, microbes will produce protective enzymes or extra EPS to protect the cells [68, 69] . At last, even the antibiotics work very well, some microorganisms survive. These special microorganisms are known as 'persisters' [70] . Interestingly, these persisters are genetically the same as the overall population of the strain, and the survival may be considered a switched-up phenotype. These mechanisms are not constrained in antibiotics but other inhibitory materials, such as nanoparticles and organic solvents. Xia et al., discovered that, in the presence of the widely used solvent, n-butanol, E. coli excreted more EPS and, specifically, the over-secreted EPS varied the hydrophobicity and chaotropicity of exposed cells to protect the cells [48] . Li et al., found that the photoautotrophic microbes-S. elongatus and M. aeruginosa-secrete more EPS under osmotic stress and these EPS serve as binding sites for the adsorption of external chemicals [71] . Based on these four hypothesized mechanisms, the transport and fate of external stressors have been modeled and the mathematical details can be found in the review by Klapper and Dockery [19] .
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These inhibitory materials do not always work as killers. In natural ecosystems, particularly in water systems, various gradients of antibiotics have been detected because of the utility of antibiotics on human and livestock [72, 73] . These detected antibiotics, although ubiquitous, are typically not of high enough concentrations to eliminate the encountered microbes. However, these sublethal or lowlevel concentrations of antibiotics exert even more profound impacts, as they allow microbes to grow and accelerate the evolution of antibiotic resistance genes [74] . On behalf of biofilm modeling, the effects of low-level antibiotics are fundamentally different from those above MIC, as the sublethal levels of antibiotics induce the formation of biofilms (Figure 2 ). This effect makes antibiotics a bifunctional chemical, and they also challenge the mathematical description and prediction of biofilm dynamics in natural ecosystems. 
These inhibitory materials do not always work as killers. In natural ecosystems, particularly in water systems, various gradients of antibiotics have been detected because of the utility of antibiotics on human and livestock [72, 73] . These detected antibiotics, although ubiquitous, are typically not of high enough concentrations to eliminate the encountered microbes. However, these sublethal or low-level concentrations of antibiotics exert even more profound impacts, as they allow microbes to grow and accelerate the evolution of antibiotic resistance genes [74] . On behalf of biofilm modeling, the effects of low-level antibiotics are fundamentally different from those above MIC, as the sublethal levels of antibiotics induce the formation of biofilms (Figure 2 ). This effect makes antibiotics a bifunctional chemical, and they also challenge the mathematical description and prediction of biofilm dynamics in natural ecosystems.
Hoffman et al. [75] discovered that the formation of biofilms by P. aeruginosa and E. coli would be induced in the presence of subinhibitory concentrations of aminoglycoside antibiotics. In P. aeruginosa, this inducing effect is attributed to the activity of the arr gene, the product of which is an inner membrane phosphodiesterase catalyzing the second messenger, cyclic di-guanosine monophosphate (c-di-GMP), and regulating the cell surface properties. Later, more research papers discussed the phenomenon that low-level antibiotics induce the formation of biofilms. For instance, Kaplan et al. [76] discovered that the low levels of β-lactam antibiotics-including methicillin, ampicillin, amoxicillin, and cloxacillin-would induce the formation of biofilms by various Staphylococcus aureus strains, a well-known human pathogen. The biomass in the induced biofilms was 10 times higher than those without the exposure of antibiotics. Bleich et al. [77] found that the thiazolyl peptide antibiotics promote the formation of biofilms by gram-positive bacteria B. subtilis and the inducing effects of this specific antibiotics are universal. Tan et al. [78] also discovered that the aminoglycoside antibiotics promote the biofilm formation by the photoautotrophic microorganism, S. elongatus, via upregulating the expression of EPS related genes. Recently, it has been commonly accepted that low-levels of antibiotics induce the formation of biofilms. Moreover, these inducing effects also work as competing mechanisms for antibiotic producing strains to survive the invasion and competition by other biofilm forming strains [79] . Therefore, how to bridge the novel discoveries associated with these antimicrobial agents is an urgent request for the modeling of biofilms.
These inducing phenomenon of low-level inhibitory materials are not constrained in antibiotics. These have also been identified in nanoparticles (Figure 2 ). For instance, the silver nanoparticles (AgNPs) showed promising antimicrobial activity on various microbial strains [80] . Recently, Yang et al. [81] discovered that the sublethal concentrations of AgNPs promoted the formation of biofilms by P. aeruginosa via upregulating a complex genetic networks associated with QS, EPS, as well as the antibiotic resistance genes. Upadhyayulaa and Gadhamshettyb [82] reported that the carbon nanotubes and their composites possess the capability of inducing biofilm formation as well at low level concentrations as well, while they were traditionally regarded as antimicrobial materials.
Ecological Impacts of Interfered Biofilms
In natural ecosystems, the biofilms are not only a 'living style' for better survival but also have ecological and biogeochemical roles. As discussed above, the low-level antibiotics would promote the biofilm formation by cyanobacterium, S. elongatus, and the cyanobacterial biofilm is the house for the biocalcification process, a fundamental bioprocess which contributes to local and global carbon cycles [78] . As reported, about 41.9% of the total carbon was attributed to carbonate, and a quite large proportion of carbonate is of biogenic origin [9] . It has been reported that the formation of the cyanobacterial biofilms would be promoted by subinhibitory concentrations of kanamycin with a higher amount of EPS excretion, both of which provide more functional groups for Ca 2+ to bind. Meanwhile, the icfA gene, which encodes the carbonic anhydrase, was upregulated and subsequently increased the pH in the microenvironments in biofilms and facilitates the formation of calcium carbonate. As the dynamics of carbonate were essential in the biocalcification process, the interfered biofilms exert ecological and biogeochemical impacts through the combined effects of biofilm and icfA on biocalcification. As reported, enhanced biocalcification might increase atmospheric CO 2 concentrations via the changed equilibrium [83] . Cyanobacteria are not the only microbes harboring ecological and biogeochemical roles in natural ecosystems. S. oneidensis and Geobacter sp. are also examples. These two strains mediate the redox balance through extracellular electron transfer and these processes typically need pili or EPS for cell-cell communication and transportation, which also depends on the formation of biofilms [84] [85] [86] . Therefore, development of mathematic models not only describes the dynamics of biofilms but also links the environmental functions which are of grand importance. Furthermore, it may also help to better evaluate the environmental and ecological risks of emerging pollutants.
Challenges in the New Era
In conclusion, the typical models for the simulation of biofilms are summarized in this review, and we also reviewed recent discoveries in the integration and determination of new variables during the process, such as QS, EPS, and inhibitory materials. Our objective is to bring more attention to link the new discoveries of biofilms-especially on behalf of natural water ecosystems-with current mathematical models to facilitate the understanding and prediction of biofilms, as well as the related environmental impacts. In our opinion, a better description of the bifunctional key components in biofilm matrix-like EPS, QS signals, antibiotics, as well as other emerging pollutants-should be established. More importantly, a mathematical link bridging the biofilm and its ecological functions is necessary.
